Abstract. It is shown that the Faraday ratation of a linexly polarized electromagnetic wave probing a helicalaxis-stellamtor plasma is a useful electron density diagnostic. The twisted magnetic geometry results in a large magnetic field component in the vettinl plane that is asumed to contain the probe beam(s). As a result, significant polarization rotations result for far-infrared beams traversing plasmas of modest densities and magnetic fields. Linearbirefringence-induced beam elliptiza~on is small and the sensitivity to secondary (bootsrrap) cumnts is weak. A new technique for measurement of the polarization state and its applicadon to densitomeuy of plasma confined by the H-l Heliac is discussed and modelled using the three-dimensional, free-boundary MHE equilibrium code. VMEC.
Introduction
Measurement of the Faraday rotation of linearly polarized, far-infrared laser beams is commonly used to obtain the toroidal current density distribution in Tokamaks @eMarco .and Segre 1972 , Craig 1976 , Sege 1978 , Veron 1979 , Soltwisch and Equipe 1981 , Soltwisch 1992 . The rotation, which can be expressed in terms of the polarization ellipse tilt angle 9, is caused by the slightly different phase velocities for the approximately circularly polarized characteristic waves (circular birefringence). For a given electron density, ne, measurements of 9 at many viewing chords can be used to infer the plasma toroidal current density distribution. The usefulness of this diagnostic method has relied on the fact that, for probing in a poloidal plane, the measurement is largely insensitive to the large toroidal component of the tokamak magnetic field which causes a small elliptization of the probe beam.
For helical axis stellarators, the poloidal field can be comparable with the toroidal magnetic field, both components being generated primarily by currents flowing in external field coils. The magnetic axis intersects a vertical diagnostic plane at an angle so that the convenient decoupling of the poloidal and toroidal fields that occurs in the tokamak case is lost. On the other hand, the large field in the diagnostic plane means that the correspondingly large Faraday effect could be exploited as a plasma density diagnostic.
Polarimetry as a density diagnostic has, potentially, significant; advantages over conventional interferometry which measures the line integral of the electron density (Veron 1979) . In particular, the polarimeter is insensitive to vibration-induced phase noise. Such noise requires elaborate, and often expensive, measures for its reduction and is the chief factor governing the ultimate phase resolution obtainable by an interferometer.
In section 2 we review the important results that link the probing beam polarization state with the plasma properties. A novel type of Faraday rotation diagnostic (Howard 0741-3335/94/02M45+13$07,50 @ 1994 IOP Publishing Ltd 245 1993), presently being prepared for installation on the H-1 Heliac at the Australian National University (Hamberger er a1 1990), is described in section 3. In this new method, the polarization ellipse tilt angle is encoded as a phase difference, 2@, between orthogonally polarized carriers. Many spatial channels of information are obtained by multiplexing the chordal information in either the time or frequency domains, allowing the use of a common optical retum path and thus a single set of optics and only two detecting elements. A 15-channel benchtop experiment to test the ellipsometer has exhibited a rotation angle resolution of 0.05", an order of magnitude better than that obtained using an amplitudesensitive method.
We demonstrate the feasibility of such adiagnostic by using a 3D-MHD equilibrium code that is outlined in section 4. Computational results from some freeboundary equilibrium calculations (in section 5) show that the method should be sufficiently sensitive to obtain reliable density profile information. In order to invert the measurements, one needs to know the magnetic field inside the plasma. It tums out that, in the pessimistic scenario which we consider, the error involved in assuming that this field is unchanged from its value in vacuum is less than 4% of the rotation parameter. This error can be halved by the adoption of a simple, empirical, scaling of the vacuum field, based on the average plasma (j3) but independent of the pressure and electron density profiles. It also turns out that the error due to the neglect of secondary currents in the equilibrium in realistic situations where the total net current is balanced to zero is likely to be negligible.
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Polarimetric diagnostics
The evolution of the polarization state on passage through a magnetized plasma is given by the trajectory of the Stokes vector s = (st, s2, s3), on the Poincar6 sphere (DeMarco and Segre 1972 , Segre 1978 :
dz Here 0, is a function.of the equilibrium fields and SI =~cos2x cosZrl, s2 = cos2x sin2rl, s3 = sin2x (2) where rl, is the tilt of the major ellipse axis to the x-axis (see figure 1 ) and the ellipticity, tan x, is the ratio of the minor and major axis lengths. The only requirement for the validity of (1) is that the wavelength is small compared with the gradient scale len,ghs within the plasma. The evolution equation, which distinguishes quantities in the direction of the beam from those normal to it, is general to fully three-dimensional magnetic geometries and is not restricted to the tokamak. (Note that the determination of s over a fixed chord through the plasma assumes that refraction is negligible-an assumption that we make in this paper.)
For beam frequencies much &eater than the plasma and cyclotron frequencies, and provided the total phase change between the characteristic waves is small, a series expansion solution to (1) allows the Stokes parameters to be directly related to physical quantities of interest. For example, for propagation in the z direction an initial polarization so = (1,O. 0) will give a final polarization state (DeMarco and Segre 1972) 
and re = 2.818 x m is the classical electron radius. Beam elliptization appears when higher-order terms in the series expansion solution for the evolution of s are retained, and is found to be negligible for the examples considered below. 
Multi-channel polarimeter
In this section we briefly review the principle of the multi-channel polarimeter, a detailed description of which is given in (Howard 1993 ). An optically pumped far-infrared laser system is used to generate probing radiation with wavelength in the range 100 p m to 1 mm. The polarimeter utilizes a multi-sectored rotating diffraction grating 'wheel for the dual purpose of spatially scanning the laser beam in the plasma cross section and providing a Doppler frequency offset for heterodyne detection purposes. The signals from different spatial channels are thus multiplexed in the time domain. (Another approach, where the information is multiplexed in the temporal frequency domain (Howard et al 1992) , is discussed elsewhere.) The scanning beaqs are returned to, and execute a second pass of the grating wheel before propagating along the input beam path where they are sampled by a beamsplitter. Only two detectors are required to obtain accurate interferometric and polarimetric information for the fifteen discrete spatial chords. A schematic drawing of the layout is given in figure 2. A new method for the optical processing of the return beam allows the Faraday rotation to be unambiguously encoded as a phase modulation on the intermediate frequency carrier signals extracted from the two detectors. Beam elliptization causes the caniers to be amplitude modulated. The interferometric phase shift, which is common to each polarimeter channel, can be extracted (with correction for the Faraday phase angle) by comparing with a signal derived by optically monitoring the gating groove frequency or from the intermediate frequency 0 signal yielded by a separate reference interferometer. Figure 3 shows a detailed view of the post-processing optics required to generate the independent polarimetric signals from the return beam E . The local oscillator (LO), derived from the incident laser beam and polarized in the y direction (with respect to the coordinate system shown), is combined with the return radiation at the free-standing wire-grid polarizer PI. The wires of P1 are oriented at 45" to the x-axis so that the LO and probe beams incident on the detectors (which may or may not be polarization-dependent) are orthogonal. The beams are caused to interfere using final analysers (represented schematically by P2 and P3 in figure 3 ) and result in phase-modulated carrier signals at the mixer outputs.
The purpose of the polarizing reflector consisting of parallel closely spaced orthogonal wiregrid polarizers (or polarizer and backing mirror) is to introduce a tunable phase shift between orthogonal components of E. Without this phase compensator, the polarimeter is equivalent to the usual intensity measurement technique, where the Faraday rotation modulates the amplitude of the detected carriers. However, for a net quarter-wave shift QO = n/2 this amplitude modulation is transferred to the phase domain and appears as a relative phase separation Q between the two signals given by Howard (1993) :
Q is thus an approximate measure of the line integral quantity s2 (provided sI cz 1). The elliptization caused by the plasma birefringence is now manifest as an amplitude modulation and the ratio R of the carrier signal amplitudes is given by
When QO = 0 (the standard case) the phase difference Q is sensitive to the ellipticity
while it is the amplitude ratio that measures the Faraday rotation:
-= Considerable rotation angle signal-to-noise ratio advantages have been demonstrated for the phase modulation technique.
Polarization calculations in three-dimensional magnetic geometry
The H-1 Heliac is a helical axis stellarator which is formed by two sets of linked circular coils (Hamberger et a1 1990). The outer (toroidal-field) coils corkscrew about a circular axis, on or near which one or mvre central conductors are located. In cross section the magnetic flux surfaces have a characteristic 'kidney-bean' shape. The magnetic axis of the configuration has a very large spatial excursion: in H-l the excursion is typically 23 cm for a device with a major radius of 1 m. The large helical excursion and the tight aspect ratio of H-1 means that the magnetic field in the poloidal direction is large-of the order of half of the field strength in the toroidal direction. The rotational transform of the heliac is also, correspondingly. largc (of order 1) which suggests that both the Shafcanov shift of the magnetic flux surfaces with increasing plasma pressure (or (B), which is the ratio of average plasma pressure to the magnetic pressure) and the secondary, pressure-induced (bootstrap) currents within the plasma w i l l be relatively small.
Over the past decade there has been remarkable progress in the computation of the ideal magnetohydrodynamic equilibrium equations in three dimensions. In particular, the VMEC (Hirshman et a1 1986 ) equilibrium code has been widely used and is, for example, at the heart of the design studies for the'wendelstein VlI-X stellarator (Nuhenberg and Zille 1988). In general, calculations with VMEC are usually made in one of two modes: ( a ) given a plasma boundary and imposed pressure profile, the equilibrium equations are solved with the condition that there be no net longitudinal current on each flux surface within the plasma; alternatively (b) both the pressure profile and rotational transform profile are specified as input to an equilibrium calculation. The fust mode of operation can be generalized to impose a net longitudinal current profile. For comparison with experiment it is more appropriate to employ a free-boundary version of VMEC such as that which uses the algorithm of the NESTOR code (Merkel 1986 ) for calculating the scalar potential in the vacuum due to the plasma currents alone.
Although the free-boundary VMEC code has been under development for some time, it has only recently become practicable to treat the free-boundary toroidal heliac and the results presented in this paper are, to OUT knowledge, the first of their nature to be reported in the literature. This progress has been largely achieved by a preconditioning of the core VMEC algorithm (Hirshman and Betancourt 1991) together with increases in the speed of computer hardware. For example, equilibrium runs of an earlier version of the freeboundary VMEC code (Gardner 1990 ) for the analysis of magnetic diagnostics on the Wendelstein 7AS stellarator took up to 8 hours of CPU time on a Cray-1 m). By comparison, the H-1 equilibria described here, which used a mode array which was four times as large as that for W7AS (details in the caption to figure 7) took half an hour on a Fujitsu VP2200 supercomputer, giving a notional speed-up of 64. Even with the improved code, some very indented heliac configurations may require intervention to, for example, adjust the time-step for the interation, or to use the flux coordinate system from a converged configuration to extrapolate to an initial guess for a subsequent run. This has been facilitated by our implementation of a special restart format for the code. We note that Rittger (1992) has studied the convergence of the W7AS results using the preconditioned, free-boundary VMEC.
As output from VMEC, one obtains the covariant and contravariant components of the magnetic field along a set of flux surfaces, much as shown in figure 5. These fields and the cylindrical coordinates of the flux surfaces are specified as trigonometric series in the poloidal and toroidal angles, B and 4. In order to apply the analysis of Segre (1978) it is necessary to find the intersection points of the beam paths with the flux surfaces and perform an integration over the entire chord. To calculate components of the magnetic field in the plane, transformations of the form 
are applied to the VMEC fields. We have written a post-processor for VMEC which implements the full calculation of Segre (1978) , shown symbolically in (I) , for the H-1 diagnostic set-up. The algorithm finds the intercepts using Newton iteration with a test for multiple roots, such as those which occur across the tips of the bean-shaped plasma cross section. Lagrange interpolation in the beam (Z) direction is used across the tips and across the midplane. Points on the mid-plane are estimated by Lagrange interpolation perpendicular to the beam path (along the X-axis). If necessary, more integration points can be obtained by a fixed-boundary restart of a free-boundary calculation with a finer radial mesh. Future work will consider beam paths of arbitrary orientation, together with a more general formulation of the problem of treating 3D chordal data due to Attenberger er al (1987) .
Results
For the purposes of the present discussion, we consider the problem of distinguishing two electron density profiles which might be reasonably considered to be consistent w i t h an MHD (boundary) av. radius Figure 6 . Pressure profiles, in arbiary units, against normalized plasma radius for the two model configurations considered in the text equilibrium of known (p) and net current. The difficulty lies in dealing with the mixing of the electron density and magnetic field in the expression for the Faraday rotation angle-as can be seen from (the simplified form in) (3). We choose two model configurations and show that the change in the field strength in the plane of the radiation is small enough for the vacuum fields to be used to approximate to the rotation angle to withii a few percent. This error can be further reduced by using an empirical scaling factor which we derive using the results from the 3D equilibrium code. The errors due to balanced secondary currents are expected to be negligible.
We consider two H-1 equilibria both of which have (p) = 1.3% with different pressure profiles as shown in figure 6 . 'Configuration A' has a broader pressure profie than 'configuration B'. (Note that the average pressure is calculated over the cross sectional area. of the flux surfaces which varies as the square of the horizontal scale of figure 6.) At (p) = 1.3% the deformation of the flux surfaces is quite significant, as shown in figure 5. Both these configurations correspond to the 'standard configuration' used in Mercier stability studies for this machine (Gardner and Blackwell 1992) . They lie just above the critical (p) limit (= 1%) for the onset of Mercier instabilities which is also the (p) limit expected from LED scaling (Sudo et a1 1990) with the 250 kW of RF heating power available at present. Although they respresent a most optimistic senario for the experiment, they are most pessimistic for the analysis of Faraday rotation if the vacuum magnetic fields are to be used to invert the data to find the electron density (because the deviation from the vacuum field will scale as (p)). For our model senario, we consider the problem of distinguishing two electron density profiles which have the same parametric form as the pressure profiles. If one knew that the plasma pressure was proportional to the electron density then these profiles would, of course, be consistent with the calculated equilibria and we label these self-consistent configurations as 'configuration Al'~(wiih both the electron~density and the pressure profiles corresponding to the broad profile of figure 6 ) and 'configuration B1' (both profiles corresponding to the more peaked profile of figure 6). For our error analysis, we calculate the rotation angles expected when both density profiles are overlayed on the vacuum field as well as when the broad electron density profile is overlayed on the field of the more peaked pressure profile, and vice versa. We label thew: latter configurations as 'configuration AY and 'configuration BY respectively.
We assume a wavelength of 0.7 mm and scale to a toroidal field of one Tesla. These parameters are optimistic for the rotation angles but, as will be shown, the angles are so large that there is considerable scope for scaling the results to lower field strengths (which are more realistic for H-1 equilibria near the (@) limit). The peak values of ne were, respectively, 1 x For an initial polarization vector, so = (1, 0,O) the changes in s2 for a single vertical pass along chords in the q5 = 0 plane at fixed X between 120 and 130 cm are shown in figure 7 . The phase shift measured by our double-pass polarimeter is Q = Ztan-'sz/q (m 2 x 14" if sz = 0.25 for example). The total polarization angles are significant and the variation shown between the two curves of figure 6 is of the order of So per pass. The large rotation angles result from the large component of the external field in the plane of the radiation. The dotted curves in figure 7 compare the fnll calculation of S e s e (1978) with one in which the vacuum magnetic field (from a BiotSavart law calculation using the H-1 coil set) is substituted for the self-consistent fields from VMEC for Configurations A1 and (9) with the results for configurations A2 and 82. (The dotted C U W~S are the same as in figure 9 but the full curves arr different).
with the full calculation for configurations A1 and B1. The maximum deviation is 1.5%.
In figure 10 we compare the same scaled fields with the full calculation for configurations A2 and B2 and obtain the same relative error.
In actual H-1 equilibria it is expected that the net-current-free condition will be violated by bootstrap currents and Rl-driven currents. We have estimated the rotation angles for a case when these secondary currents are balanced over the entire plasma volume so that the total longitudinal current is zero. Configurations with differing total currents may be distinguished by Rogowski measurements. Kinetic calculations of bootstrap currents in H-1 (Painter 1992 ) and the TJ-11 Heliac (Rodriguez-Yunta 1991) predict that bootstrap currents will be small in the operating regimes of these experiments. The TJ-I1 study, for example, found a maximum change in the rotational transform due to bootstrap currents of 2%. To estimate the error in neglecting secondary currents, we have used a longitudinal current profile where a net current of 3 kA at the plasma centre is balanced by an opposite-flowing current near the plasma edge, which causes a (comparatively large) 20% change in the rotational transform at the axis ( figure 11 ). The net current through the total cross section is zero. In spite of the large change in the rotational transform at the origin, the change in the Faraday rotation angle was very small ( i 0.5%) and has not been plotted. We anticipate that unbalanced secondary currents which change the rotational transform by a few percent across the plasma cross section might alter the rotation parameters by a similar amount. In this case, empirical scaling rules~similar to (9) could be constructed to relate sz at finite (,9) to sz for force-free equilibria with the same net current. Analogously to the current-free case, this would enable the estimation of the rotation angles at finite (,9) without U priori assumptions about the profiles. Finally, we have compared the full calculation of Segre (1978) with the much simpler expression of (3) and found that the error in using the simpler expression is small (less than 1%) implying that the change in ellipticity of the beam is also small. We note that, unlike the tokamak case, initial polarization vectors at 4 5 ' to the toroidal field will not give a decoupling of ne from the magnetic field.
Conclusion
Faraday rotation should give an accurate measurement of electron density profiles in helical axis stellamtors. The rotation angles are large and the change in ellipticity of the incident radiation can be neglected. For the vertical beam paths considered here, the vacuum magnetic field can be used to estimate Bz under the integral of (3) to within an accuracy of a few percent across the operating range of the H-1 Heliac. This error can be halved by scaling the vacuum field using an empirical rule derived from the VMEC simulations. The effects of balanced secondary currents are expected to be negligible. Future work will look at the accuracy of tomographic reconstruction for arbitrary view directions.
